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Abstract 

We suggest a path integral formulation for the tunneling cosmological state, 
which admits a consistent renormalization and renormalization group (RG) im- 
provement in particle physics applications of quantum cosmology. We apply this 
formulation to the inflationary cosmology driven by the Standard Model (SM) 
Higgs boson playing the role of an inflaton with a strong non-minimal coupling 
to gravity. In this way a complete cosmological scenario is obtained, which em- 
braces the formation of initial conditions for the inflationary background in the 
form of a sharp probability peak in the distribution of the inflaton field and 
the ongoing generation of the Cosmic Microwave Background (CMB) spectrum 
on this background. Formation of this probability peak is based on the same 
RG mechanism which underlies the generation of the CMB spectrum which was 
recently shown to be compatible with the WMAP data in the Higgs mass range 
135.6 GeV < Mh < 184.5 GeV. This brings to life a convincing unification 
of quantum cosmology with the particle phenomenology of the SM, inflation 
theory, and CMB observations. 
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1. Introduction 



At the dawn of inflation theory two prescriptions for the quantum state of 
the Universe were seriously considered as a source of initial conditions for infla- 
tion. These are the so-called no-boundary [l[ and tunneling 0, [1] cosmological 
wavefunctions (see also [H| for a general review), whose semiclassical amplitudes 
are roughly inversely proportional to one another. In the model of chaotic in- 
flation driven in the slow-roll approximation by the inflaton field tp with the 
potential V(tp) these amplitudes read as |<^±(yj)| ~ exp(=F<SE(</j)/2), where +/— 
label, respectively, the no-boundary/tunneling wavefunctions. Here, Se(<p) is 
the Einstein action of the Euclidean de Sitter instanton S* 4 with the effective 
cosmological constant given by the value of the inflaton field A e ff = V(tp)/Mp, 

247T 2 A/ 4 

in units of the reduced Planck mass Mp = 1/8ttG (h = 1 = c). The no- 
boundary state was originally formulated as a path integral over Euclidean four- 
geometries; the tunneling state in the form of a path integral over Lorentzian 
metrics was presented in [!, 3 , and both wavefunctions were also obtained as 
solutions of the minisuperspace Wheeler -DcWitt equation. 

The no-boundary and tunneling states lead to opposite physical conclusions. 
In particular, in view of the negative value of the Euclidean dc Sitter action the 
no-boundary state strongly enhances the contribution of empty universes with 
V{tp) = in the full quantum state and, thus, leads to the very counterintuitive 
conclusion that infinitely large universes are infinitely more probable than those 
of a finite size - a property which underlies the once very popular but now nearly 
forgotten big-fix mechanism of S. Coleman On the other hand, the tunneling 
state favors big values of V(<p) capable of generating inflationary scenarios. 
Thus, it would seem that the tunneling prescription is physically more preferable 
than the no-boundary one. However, the status of the tunneling prescription 
turns out to be not so simple and even controversial. 

Naive attempts to go beyond the minisuperspace approximation lead to un- 
normalizablc states in the sector of spatially inhomogeneous degrees of freedom 
for matter and metric and invalidate, in particular, the usual Wick rotation from 
the Lorentzian to the Euclidean spacctime. This problem was partly overcome 
by imposing the normalizability condition on the matter part of the solution of 
the Wheeler-DeWitt equation Q , but the situation remained controversial for 
the following reason. 

Modulo the issue of quantum interference between the "contracting" and 
"expanding" branches of the cosmological wavefunction discussed, for example, 
in 0, 0, [H, Q , the amplitudes of the no-boundary and tunneling branches of such 
a semiclassical solution take the form 



!P± {tp, *(x)) | = cxp \T^Se(<P)J I ^matter fa, #(x)) | , 



(2) 
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where <£(x) is a set of matter fields separate from the spatially homogeneous 
inflaton, and ^matter (y, ^( x )) is their normalizable (quasi-Gaussian) part in the 
full wavefunction in essence representing the Euclidean dc Sitter invariant 
vacuum of linearized fields ^(x) on the quasi-de Sitter background with A e g = 
V(ip)/Mp. Quantum averaging over <?(x) then leads to the following quantum 
distribution of the inflaton field 

p 1 ± ioap i<p)=Jd[$(x)] |l? ± (^ > *(x))| 2 =exp(=F^(v)-4" Ioop (v)) , (3) 

where S , ^" loop (< y 9) = {1/2)T\-Iii(6 2 Se[v,$]/6&x^UA) is the contribution of 
the UV divergent one- loop effective action [lfj, [ll|, [l2|. With the aid of this 
algorithm a sharp probability peak was obtained in the tunneling distribution 
^l— £ Qr m odel with a strong non- minimal coupling of the inflaton to 

gravity 13, HG3]. This P eak 

was interpreted as generating the quantum scale 
of inflation - the initial condition for its inflationary scenario. Quite remarkably, 
for accidental reasons this result was free from the usual UV renormalization 
ambiguity, ft did not require application of the renormalization scheme of ab- 
sorbing the UV divergences into the redefinition of the coupling constants in the 
tree- level action £e (</?). 

However, beyond the one-loop approximation and for other physical correla- 
tors the situation changes, and one has to implement a UV renormalization in 
full. But with the ^fSsi'p) ambiguity in ([5]) this renormalization would be differ- 
ent for the tunneling and no-boundary states. For instance, an asymptotically 
free theory in the no-boundary case (associated with the usual Wick rotation 
to the Euclidean spacetime) will not be asymptotically free in the tunneling 
case. The tunneling versus no-boundary gravitational modification of the the- 
ory will contradict basic field-theoretical results in flat spacetime. This strongly 
invalidates a naive construction of the tunneling state of the above type. In 
particular, it does not allow one to go beyond the one-loop approximation in 
the model of non-minimally coupled inflaton and perform its renormalization 
group (RG) improvement. 

Here we suggest a solution of this problem by formulating a new path integral 
prescription for the tunneling state of the Universe. This formulation is based on 



a recently suggested construction of the cosmological densit y m atrix [15| which 
describes a microcanonical ensemble of cosmological models [16| . The statistical 
sum of this ensemble was calculated in a spatially closed model with a generic 
set of scalar, spinor, and vector fields conformally coupled to gravity. It was 
obtained in the saddle-point approximation dominated by the contribution of 
the thermal cosmological instantons of topology S 3 x S 1 . These instantons also 
include the vacuum S 4 topology treated as a limiting case of the compactified 
time dimension S 1 in S 3 x S 1 being ripped in the transition from S 3 x S 1 
to S 4 . This limiting case exactly recovers the Hartle-Hawking state of [H, so 



that the whole construction of [15|, [16| can be considered as a generalization of 
the vacuum no-boundary state to the quasi-thermal no-boundary ensemble. The 
basic physical conclusion for this ensemble was that it exists in a bounded range 
of values of the effective cosmological constant, that it is capable of generating 
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a big-boost scenario of the cosmological acceleration [17| and that its vacuum 
Hartlc Hawking member does not really contribute because it is suppressed by 
the infinite positive value of its action. This is a genuine effect of the conformal 
anomaly of quantum fields (Til . , which qualitatively changes the tree- level 
action (TT]). 

Below we shall show that the above path integral actually has another saddle 
point corresponding to the negative value of the lapse function N < 0, which is 
gauge-inequivalent to N > 0. In the main, this leads to the inversion of the sign 
of the action in the exponential of the statistical sum and, therefore, deserves 
the label "tunneling" . In this tunneling state the thermal part vanishes and its 
instanton turns out to be a purely vacuum one. Finally, this construction no 
longer suffers from the above mentioned controversy with the renormalization. 
A full quantum effective action is supposed to be calculated and renormalized 
by the usual set of counterterms on the background of a generic metric and then 
the result should be analytically continued to N < and taken at the tunneling 
saddle point of the path integral over the lapse function N. 

Below we shall apply this construction to a cosmological model for which 
the Lagrangian of the graviton-inflaton sector reads 

L(g^) = \ (M| + R ||V<^| 2 - V(\$\), (4) 

m*i) = ^(i*i a -« 2 ) 2 . \<p\ 2 = ^<p, (5) 

where <P is the Standard Model (SM) Higgs boson, whose expectation value 
plays the role of an inflaton and which is assumed here to possess a strong 
non- minimal curvature coupling with £ 3> 1. Here, as above, Mp is a reduced 
Planck mass, A is a quartic self-coupling of <P, and v is an electroweak (EW) 
symmetry breaking scale. 

The early motivation for this model with a GUT type boson <P [2^, [2l[ was 
to avoid an exceedingly small quartic coupling A by invoking a non-minimal 
coupling with a large £. This was later substantiated by the hop e to generate 
the no-boundary/tunneling initial conditions for inflation T^i 14 1. This the ory 



but with the SM Higg s boson instead of the abstract GUT setup of [13|, ]14 1 
was suggested in [22j, extended in 12311 to the one-loop level and considered 
regarding its reheating mechanism in [24j ] . The RG improvement in this model 
has predicted CMB parameters - the amplitude of the power spectrum and its 
spectral index - compatible with WMAP observations in a finite range of values 
of the Higgs mass, which is close to the widely accepted r ang e dictated by the 
EW vacuum stability and perturbation theory bounds 2f|_ M, [2^, H, 29|, 3j 



The purpose of our paper is to extend the results of 

mm 

by suggesting that 

this model does not only have WMAP-compatible CMB perturbations, but can 
also generate the initial conditions for the inflationary background upon which 
these perturbations propagate. These initial conditions are realized in the form 
of a sharp probability peak in the tunneling distribution function of the inflaton. 

Our paper is organized as follows. In Sect. 2 we present the path-integral 
formulation for the tunneling state and derive the relevant distribution in the 
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space of values of the cosmological constant. In Sect. 3 we apply this distribution 
to the gravitating SM model with the graviton-inflaton sector ([4]) and obtain 
the probability peak in the distribution of the initial value of the Higgs-inflaton. 
Sect. 4 contains a short discussion. 

2. Tunneling cosmological wavefunction within the path integral for- 
mulation 

The path integral for the microcanonical statistical sum in cosmology [l6| 
can be cast into the form of an integral over a minisupcrspacc lapse function 
N(t) and scale factor a(r) of a spatially closed Euclidean FRW metric ds 2 = 



Here, S c s [a, N] is the Euclidean effective action of all inhomogeneous "matter" 
fields <P(x) = (</>(x), 4>{ x )> A^(x), h^ v {x), ...) (which include also metric pertur- 
bations) on the minisuperspace background of the FRW metric, S[a, N; <P(x)] is 
the classical Euclidean action, and the integration runs over periodic fields on 
the Euclidean spacetime with a compactified time r (of S 1 x S 3 topology). 

It is important that the integration over the lapse function N runs along 
the imaginary axis from — ioo to +ioo because this Euclidean path integral 
represents, in fact, the transformed version of the integral over metrics with 
Lorcntzian signature. This transformation is the usual Wick rotation which 
can be incorporated by the transition from the Lorentzian lapse function JVl 
to the Euclidean one N by the relation N^, = iN [Til]. The Lorentzian path 
integral, in turn, fundamentally follows from the definition of the microcanonical 
ensemble in quantum cosmology which includes all true physical configurations 
satisfying the quantum first-class constraints - the Wheeler-DeWitt equations. 
The projector onto these configurations is realized in the integrand of the path 
integral by the delta functions of the Hamiltonian (and momentum) constraints. 
The Fourier representation of these delta functions in terms of the integral over 
the conjugated Lagrange multipliers - the lapse (and shift) functions - 
implies an integration with limits at infinity, — oo < < oo, which explains 
the range of integration over the Euclidean N. 

It should be mentioned that a full non-perturbativc evaluation of the path 
integral would require a careful inspection of the infinite contours in the complex 
./V-plane that render the integral convergent, see, for example, [3ll ]. However, 
such an inspection is not needed here because we are dealing here with a semi- 
classical approximation in which only the vicinity of the saddle point enters. 

The convenience of writing the path integral ([6]) in the Euclidean form follows 
from the needs of the semiclassical approximation. In this approximation, it 
is dominated by the contribution of a saddle point, Jq = S c ff [ ao , Nq ] , where 



N 2 (t) dr 2 +a 2 (r) d 2 & 3 \ 




(6) 
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ao = a-o{ T ) and N = N (t) solve the equation of motion for S e s[a,N] and 
satisfy periodicity conditions dictated by the definition of the statistical sum. 
Such periodic solutions exist in the Euclidean domain with real N rather than 
in the Lorcntzian one with the imaginary lapse. This means that the contour 
of integration over ./V along the imaginary axis should be deformed into the 
complex plane to traverse the real axis at some No ^ corresponding to the 
Euclidean solution of the equations of motion for the minisupcrspacc action. 

The residual one-dimensional diffcomorphism invariance of this action (which 
is gauged out by the gauge-fixing procedure implicit in the integration measure 
D[a,N]) allows one to fix the ambiguity in the choice of Nq. There remains 
only a double-fold freedom in this choice actually inherited from the sign indef- 
initeness of the integration range for Nl . This freedom is exhausted by either 
positive, N > 0, or negative, N < 0, values of the lapse, because, on the one 
hand, all values in each of these equivalence classes are gauge equivalent and, on 
the other hand, no continuous family of nondegenerate diffeomorphisms exists 
relating these classes to one another. Without loss of generality one can choose 
as representatives of these classes N± = ±1 and label the relevant solutions and 
on-shell actions, respectively, as a±(r) and 

r± = S cff [a±(r),±l] . (8) 

Gauge inequivalence of these two cases, =/= is obvious because, for ex- 
ample, all local contributions to the effective action are odd functionals of N, 
Si oca i[a, N] = — Siocaifa, — N]. Thus we can heuristically identify the statistical 
sums r± correspondingly with the "no-boundary" and "tunneling" prescriptions 
for the quantum state of the Universe, 

*^P( -^no — boundary /tunnel) ^ • (^) 

In other words, we use this equation to define "no-boundary" and "tunneling" 
in the first place. This result shows that for both prescriptions a full quantum 
effective action as a whole sits in the exponential of the partition function with- 
out any splitting into the minisuperspace and matter contributions weighted 
by different sign factors like in (J3j> . This means that the usual renormalization 
scheme is applicable to the calculation of (O - generally covariant UV countert- 
erms should be calculated on the background of a generic metric and afterwards 
evaluated at the FRW metric with N = ±1, depending on the choice of either 
the no-boundary or tunneling prescription. Below we demonstrate how this pro- 
cedure works for the system dominated by quantum fields with heavy masses, 
whose effective action admits a local expansion in powers of the spacctime cur- 
vature and matter fields gradients. 

For such a system the Euclidean effective action takes the form 

S e n[g^} = J d^xg 1 ' 2 (m*A - ^ R( 9fiU ) + , (10) 

where we disregard the terms of higher orders in the curvature and derivatives of 
the mean values of matter fields. Here the cosmological term and the (reduced) 
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Planck mass squared M| = 1/8itG can be considered as functions of these 
mean values and treated as constants in the approximation of slowly varying 
fields. This effective action does not contain the thermal part characteristic of 
the statistical ensemble (l5j because for heavy quanta the radiation bath is not 
excited. This is justified by the fact that the effective temperature of this bath 
turns out to be vanishing. 

In fact, the minisuperspace action functional for (|10[) reads in units of rrip = 
3tt/4G = 6tt 2 M 2 as 

S e s[a,N]=ml J dr N(~aa' 2 - a + H 2 a 3 ), (11) 

where a' = da/Ndr, and we use the notation for the cosmological constant 
A = 3H 2 in terms of the effective Hubble factor H. Then the saddle point for 
the path integral ([5]) - the stationary configuration with respect to variations 
of the lapse function, 6S c g[a, N]/5N = 0, - satisfies the Euclidean Friedmann 
equation 

a' 2 = 1 - H 2 a 2 . (12) 

It has one turning point at a + = 1/H below which the real solution inter- 
polates between a_ = a(0) = and a + . In the gauge N = ±1 for both no- 
boundary /tunneling cases this solution describes the Euclidean de Sitter metric, 
that is, one hemisphere of S 4 , 

a ± (r) = i S in( J ffr). (13) 

After the bounce from the equatorial section of the maximal scale factor a+ , this 
solution spans at the contraction phase the rest of the full four-spher^|. Thus, 



this solution is not periodic and in the terminology of 15( describes a purely 
vacuum contribution to the statistical sum As shown in 15J, the effective 
temperature of this state is determined by the inverse of the full period of the 
instanton solution measured in units of the conformal time rj. Therefore, for (|13p 
it vanishes because this period between the poles of this spherical instanton is 
divergent, 

r ,2H dr 

rj = 2 —-- -> oo . (14) 



Jo 

This justifies the absence of the thermal part in iflQ]). 



The formal analytic extension from No = 1 to No = —1 should not, of course, be applied 
to a(r) = sin(TVo-HV)/ H to give a negative a(r) instead of 1131 . because in contrast to the 
sign-indefinite Lagrange multiplier N the path integration over a(r) in J6} scmiclassically 
always runs in the vicinity of its positive geometrically meaningful value. For this reason, 
a(-r) never brings sign factors into the on-shell action even though it enters the action with 
odd powers. 
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Thus, with N = ±1 the no-boundary and tunneling on-shell actions JS} read 



r± = T 



8ir 2 M 2 
H 2 



(15) 



and the object of major interest here - the tunneling partition function in the 
space of positive values of H 2 = A/3 — is given by 



It coincides with the semiclassical tunneling wavefunction of the Universe [2|, 
|^tunnci| 2 — cxp(— 8n 2 Mp / H 2 ) , derived from the Wheeler-DeWitt equation in 
the tree-level approximation. 

At the turning point a+, the solution (|13| can be analytically continued to 
the Lorentzian regime, ai,(t) = cl{-k/2H + it). The scale factor then expands 
eternally as 



which can be interpreted as representing the distributions of scale factors in the 
quantum ensemble (after decoherence) of de Sitter models distributed according 
to ([To]) . Note that the attempt to extend this ensemble to negative A fails, 
because the equation (fT2|) with H 2 < does not have turning points with 
nucleating real Lorentzian geometries. Moreover, virtual cosmological models 
with Euclidean signature are also forbidden in the tunneling state because their 
positive Euclidean action diverges to infinity, so that yOtunnei(A) = for A < 0. 

3. Quantum origin of the Universe with the SM Higgs-infiaton non- 
minimally coupled to curvature 

The partition function of the above type can serve as a source of initial 
conditions for inflation only when the cosmological constant A = 3H 2 becomes 
a composite field capable of a decay at the exit from inflation. Usually this is a 
scalar inflaton field whose quantum mean value ip is nearly constant in the slow 
roll regime, and its effective potential V(<p) plays the role of the cosmological 
constant driving the inflation. When the contribution of the inflaton gradients 
is small, the above formalism remains applicable also with the inclusion of this 
field whose ultimate effect reduces to the generation of the effective cosmological 
constant A = V(ip) /Mp and the effective Planck mass. 

These constants are the coefficients of the zeroth and first order terms of 
the effective action expanded in powers of the curvature, and they incorporate 
radiative corrections due to all quantum fields in the path integral ([7]). Now 
there is no mismatch between the signs of the tree-level and loop parts of the 
partition function. Therefore, one can apply the usual renormalization and, 
if necessary, the renormalization group (RG) improvement to obtain the full 




A > 0. 



(16) 



a L {t) = — cosh(ift) 



(17) 
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effective action S c s[g^, <p] and then repeat the procedure of the previous section. 
In the slow roll approximation the effective action has the general form 

Ses\g^,<p] = J d 4 xg^ 2 \V(<p) - U^)R(g^) + ^G(<p) (V^) 2 + , (18) 

where V(ip), U((p) and G((p) are the coefficients of the derivative expansion, and 
we disregard the contribution of higher-derivative operators. With the slowly 
varying inflaton the coefficients V((p) and U((p) play the role of the effective cos- 
mological and Planck mass constants, so that one can identify in (|10j) and pip 
the effective M| = mp/6ir 2 and H 2 , respectively, with 2U(<p) and V (<p) / 6U (<p) . 
Therefore, the tunneling partition function (|16p becomes the following distribu- 
tion of the field ip 

( 24m*Mf \ 

PtunnoK^) = exp , (19) 

V v \ l p) ) 

M|V V{<p) 



v ^ = [-f) uWY m 

where V(ip) in fact coincides with the potential in the Einstein frame of the 
action flTSJ) (H,^. 

Now we apply this formalism to the model ffl of inflation driven by the SM 
Higgs inflaton ip = (&&) 1 / 2 . As shown in 28|, 2§|, the one-loop RG improved 



action in this model has for large ip the form (fT8|) with the coefficient functions 

V{y) = ^-Z\t)y\ (21) 

U(<p) = ±(M*+t;(t)Z 2 (t)<p 2 ), (22) 
G(<p) = Z 2 (t), (23) 

determined in terms of the running couplings X(t) and £(t), and the field renor- 
malization Z(t). They incorporate a summation of powers of logarithms and 
belong to the solution of the RG equations which at the inflationary stage with 
a large ip ~ Mp/y/^ and large £ ^> 1 read as (see 2a, 2^| for details) 



d£ 6A 



dt 16tt : 



£ - 2 7 £ (25) 



and dZ/dt = jZ. Here, 7 is the anomalous dimension of the Higgs field, the 
running scale t = \n(tp/M t ) is normalized at the top quark mass [i = M t , and 
A = A(t) is the running parameter of the anomalous scaling. This quantity 
was introduced in [l(j as the pre-logarithm coefficient of the overall effective 
potential of all SM physical particles and Goldstone modes. Due to their quartic, 
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gauge and Yukawa couplings with <p, they acquire masses m(ip) ~ <p and for large 
p give rise to the asymptotic behavior of the Coleman- Weinberg potential, 

particles 

which can serve as a definition of A. 

The importance of this quantity and its modification due to the RG running 
of the non-minimal coupling £(t), 

Ai = A 12A (27) 

{Ai gives the running of the ratio A/£ 2 , 16tt 2 (d/dt)(\/£ 2 ) = Aj(A/£ 2 )), is that 
for 1 mainly these parameters determine the quantum inflationary dynam- 
ics [HI, ElH and yield the parameters of the CMB generated during inflation 
[23}. In particular, the value of tp at the beginning of the inflationary stage of 
duration N in units of the e- folding number turns out to be [23| 

4 Ai (lend) 
iVA,(*end) 

48tt 2 ' [ ™> 

where a parameter x has been introduced which directly involves Ax (tend) taken 
at the end of inflation, t onc j = ln((p en d/Mt), <p C nd — 2Mp/y / 3| r . This parameter 
also enters simple algorithms for the CMB power spectrum A 2 (fc) and its spec- 
tral index n s (k). As shown in [28l.[29|. the application of these algorithms under 
the observational constraints A 2 (fc ) — 2.5 x 10~ 9 and 0.94 < n s (k ) < 0.99 (the 
combined WMAP+BAO+SN data at the pivot point k = 0.002 Mpc" 1 corre- 
sponding to N ~ 60 [1^) gives the CMB-compatible range of the Higgs mass 
135.6 GeV < Mh < 184.5 GeV, both bounds being determined by the lower 
bound on the CMB spectral index. 

Now we want to show that, in addition to the good agreement of the spec- 
trum of cosmological perturbations with the CMB data, this model can also 
describe the mechanism of generating the cosmological background itself upon 
which these perturbations exist. This mechanism consists in the formation of 
the initial conditions for inflation in the form of a sharp probability peak in 
the distribution function (|19[) at some appropriate value of the inflaton field po 
with which the Universe as a whole starts its evolution. The shape and the 
magnitude of the potential (|20"|) depicted in Fig.l for several values of the Higgs 
mass clearly indicates the existence of such a peak. 

Indeed, the negative of the inverse potential damps to zero after exponen- 
tiation the probability of those values of tp at which V(tp) = and, vice versa, 
enhances the probability at the positive maxima of the potential. The pattern 
of this behavior with growing Higgs mass Mh is as follows. 

As is known, for low Mh the SM has a domain of unstable EW vacuum, 
characterized by negative values of running X(t) at certain energy scales. Thus 
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t=ln ( <p IM t ) 

Figure 1: The succession of effective potential graphs above the EW vacuum instability 
threshold Af H lst = 134.27 GeV up to Af H = 184.3 GeV showing the occurrence of a 
metastable vacuum followed for high Mh by the formation of a negative slope branch. 
Local peaks of V situated at t = 34 -f- 35 grow with Mh for Mh < 160 GeV and start 
decreasing for larger Mh [28| . 



we begin with the EW vacuum instability threshold 341 . |35I | which exists in this 
gravitating SM at Mfi st w 134.27 GeV dHHH and which is slightly lower than 



the CMB compatible range of the Higgs mass (M^ st is chosen in Fig. 2 and for 
the lowest curve in Fig. 1). The potential VUp) drops to zero at t- ms t ~ 41.6, 
¥>inst ~ 80Mp, and forms a false vacuum [281123] separated from the EW vacuum 
by a large peak at t ~ 34. Correspondingly, the probability of creation of the 
Universe with the initial value of the inflaton field at the EW scale ip = v and 
at the instability scale <pi ns t is damped to zero, while the most probable value 
belongs to this peak. The inflationary stage of the formation of the pivotal 
N = 60 CMB perturbation (from the moment t- ln of the first horizon crossing 
until the end of inflation f cn d), which is marked by dashed lines in Fig. 2, lies 
to the left of this peak. This conforms to the requirement of the chronological 
succession of the initial conditions for inflation and the formation of the CMB 
spectra. 

The above case is, however, below the CMB-compatible range of Mh and was 
presented here only for illustrative purposes^- An important situation occurs 



2 Another interesting range of Mh is below the instability threshold M^ st where V be- 
comes negative in the "true" high energy vacuum. As mentioned in the previous section, the 
tunneling state rules out aperiodic solutions of effective equations with H 2 < 0, which cannot 
contribute to the quantum ensemble of expanding Lorentzian signature models. Therefore, 
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t=ln ( <p IM t ) 

Figure 2: The effective potential for the instability threshold M^ st = 134.27 GeV. A 
false vacuum occurs at the instability scale tinst — 41.6, tp ~ 80Mp. An inflationary 
domain for a N — 60 CMB perturbation (ruled out by the WMAP bounds) is marked 
by dashed lines [28| . 

at higher Higgs masses from the lower CMB bound on Mh — 135.6 GeV until 
about 160 GeV. Here we get a family of a metastable vacua with V > 0. An 
example is the plot for the lower CMB bound Mh = 135.62 GeV depicted in 
Fig. [3] Despite the shallowness of this vacuum its small maximum generates 
via (JTHJ) a sharp probability peak for the initial inflaton field. This follows from 
an extremely small value of V/Mp ~ 10 -11 , the reciprocal of which generates a 
rapidly changing exponential of (|19p. The location of the peak again precedes 
the inflationary stage for a pivotal V = 60 CMB perturbation (also marked by 
dashed lines in Fig. [3]). 

For even larger Mh these metastable vacua get replaced by a negative slope 
of the potential which interminably decreases to zero at large t (at least within 
the perturbation theory range of the model), see Fig. [T] Therefore, for large 
Mh close to the upper CMB bound 185 GeV, the probability peak of (fl9|) gets 
separated from the non-perturbative domain of large over-Planckian scales due 
to a fast drop of V ~ A/£ 2 to zero. This, in turn, follows from the fact that 
grows much faster than X(t) when they both start approaching their Landau 
pole [H. 

The location tpo of the probability peak and its quantum width can be found 



this range is scmiclassically ruled out not only by the instability arguments, but also contra- 
dicts the tunneling prescription. 
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Figure 3: Inflaton potential at the lowest CMB compatible value of Mh with a 
metastable vacuum at t ~ 42 12811. 



in analytical form, and their derivation shows the crucial role of the running 
Ai(t) for the formation of initial conditions for inflation. Indeed, the exponen- 
tial of the tunneling distribution (|19|) for Mp/£(p 2 <C 1 reads as 



r_(ip) = 24tt 



2 Ml 



96tt 2 V 



2M| 



(30) 



and in view of the RG equations 
equation 



5]) has an extremum satisfying the 



dr 



d£ 
dt 



6^ 
A 



Aj 



£Z 2 ip 2 



= 0, 



(31) 



where we again neglect higher order terms in Mp/£Z 2 (p 2 and Ai /64-7T 2 (extend- 
ing beyond the one-loop order). Here, Aj is the anomalous scaling introduced 
in (|26p and (|2"T|) - the quantity that should be negative for the existence of the 
solution for the probability peak, 



64tt 2 M| 
iAjZ 2 



(32) 



t=t 



As shown in [28|, |29j, this quantity is indeed negative. In the CMB-compatible 
range of Mh its running starts from the range — 36 < Aj(0) < —23 at the EW 
scale and reaches small but still negative values in the range —11< Aj(i elK j) < 
—2 at the inflation scale. Also, the running of Aj(t) and Z(t) is very slow - 
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the quantities belonging to the two-loo 

n 



is very short to ~ t m — tend + 2 
these estimates apply also to A/(t ) 
tunneling on-shell action is positive and very large, 



order - and the duration of inflation 
29|. Therefore, A/ (to) — Aj(t cn d), and 
As a result, the second derivative of the 



dt 2 



12£ 5 



Aj > 1, 



(33) 



which gives an extremely small value of the quantum width of the probability 
peak, 



A 1 



12£ 2 Aj 



10 



-10 



(34) 



This width is about (247r 2 /| A/I) 1 / 2 times - one order of magnitude - higher 
than the CMB perturbation at the pivotal wavelength = 500 Mpc (which 
we choose to correspond to N = 60). The point tp- m of the horizon crossing of 
this perturbation (and other CMB waves with different JV's) easily follows from 
equation (|28[) which in view of Aj (to) ~ Aj(t on d) takes the form 



1 — exp 



-N 



A/ (t Gnd ) | 

48tt 2 



(35) 



It indicates that for wavelengths longer than the pivotal one the instant of 
horizon crossing approaches the moment of "creation" of the Universe, but 
always stays chronologically succeeding it, as it must. 



4. Conclusions and discussion 

In this paper we have constructed the tunneling quantum state of the Uni- 
verse based on the path integral for the microcanonical ensemble in cosmology. 
The corresponding apparent ensemble from the quantum state exists in the 
unbounded positive range of the effective cosmological constant, unlike the no- 
boundary state discussed in (TBI . [l6[ whose apparent ensemble is bounded by the 
reciprocated coefficient of the topological term in the overall conformal anomaly. 
Also, in contrast to the no-boundary case, the tunneling state turns out to be 
a radiation-free vacuum one. 

The status of the tunneling versus no-boundary states is rather involved. 
In fact, the formal Euclidean path integral ^ is a transformed version of the 
microcanonical path integral over Lorentzian metrics, so that its lapse function 
integration runs along the imaginary axis from — ioo to +ioo fltlpl. The absence 



3 This might seem being equivalent to the tunneling path integral of @, H, but the class of 
metrics integrated over is very different. We do not impose by hands a_ = as the boundary 
condition, but derive it from the saddle-point approximation for the integral over formally 
periodic configurations. The fact that periodicity gets violated by the boundary condition 
a_ = implies that the a priori postulated tunneling statistical ensemble is exhausted at the 
dynamical level by the contribution of a pure vacuum state |l5l . . 
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of periodic solutions for stationary points of §Q with the Lorentzian signature 
makes one to distort the contour of integration over N into a complex plane, so 
that it traverses the real axis at the points 7V = +loriV=— 1 which give rise to 
no-boundary or tunneling states. One can show that the no-boundary thermal 
part of the statistical sum of [l5| is not analytic in the full complex plane of 
N. The N domains are separated by the infinite sequence of its poles 
densely filling the imaginary axes of N. Therefore, the contour of integration 
passing through both points N = ±1 is impossible, and the no-boundary and 
tunneling states cannot be obtained by analytic continuation from one anotheiQ- 
They represent alternative solutions (quantum states) of the Wheeler-DeWitt 
equation. 

The path-integral formulation of the tunneling state admits a consistent 
rcnormalization scheme and a RG resummation which is ver y ef ficient in cos- 
mology according to a series of recent papers [H, 2(| 27, 28|, IE 13] ■ For this 
reason we have applied the obtained tunneling distribution to a recently consid- 
ered model of inflation driven by the SM Higgs boson non-minimally coupled to 
curvature. In this way a complete cosmological scenario was obtained, embrac- 
ing the formation of initial conditions for the inflationary background (in the 
form of a sharp probability peak in the inflaton field distribution) and the ongo- 
ing generation of the CMB perturbations on this background. As was shown in 
29( , the comparison of the CMB amplitude and the spectral index with the 



WMAP observations impose bounds on the allowed range of the Higgs mass. 
These bounds turn out to be remarkably consistent with the widely accepted 
EW vacuum stability and perturbation theory restrictions. Interestingly, the 
behavior of the running anomalous scaling Ai(t) < 0, being crucially impor- 
tant for these bounds, also guarantees the existence of the obtained probability 
peak. The quantum width of this peak is one order of magnitude higher than 
the amplitude of the CMB spectrum at the pivotal wavelength, which could en- 
tail interesting observational consequences. Unfortunately, this quantum width 
is hardly measurable directly because it corresponds to an infinite wavelength 
perturbation (a formal limit of N — > oo in (|35p ). but indirect effects of this 
quantum trembling of the cosmological background deserve further study. 

We have entertained here the idea that we can obtain sensible predictions 
from peaks in the cosmological wavefunction. This is, of course, different from 
approaches based on the anthropic principle. We find it intriguing, however, that 
a consistent scenario based on our more traditional approach may be possible 
and even falsifiable. 

To summarize, the obtained results bring to life a convincing unification of 
quantum cosmology with the particle phenomenology of the SM, inflation the- 



4 In the case of the vacuum no-boundary state when the vanishing thermal part of the 
effective action cannot present an obstacle to analytic continuation in the complex plane of 
N the situation stays the same. Indeed, any integration contour from —ioo to +ioo crosses 
the real axes an odd number of times, so that the contribution of only one such crossing 
survives, because any two (gauge-equivalent) saddle points traversed in opposite directions 
give contributions canceling one another. 
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ory, and CMB observations. They support the hypothesis that an appropriately 



extended Standard Model [36j, |37| can be a consistent quantum field theory all 



the way up to quantum gravity and perhaps explain the fundamentals of all 
major phenomena in early and late cosmology. 
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